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Introduction
The use of composite plates loaded in the structures is one of the ways to 
improve weight characteristics of space technique.  Layered structures are 
widely used in transport engineering, applied in building practice. Layered 
plates under bending deformation are the most rational in terms of strength and 
rigidity. Thus, the calculation of sandwich structures under static loads is an 
actual task.
1. Problem’s statement and solution
The three-layer plate with rigid filler is on elastic basis. To describe 
kinematics of the package the broken line’s hypotheses were adopted: in load-
bearing layers just Kirchhoff’s laws, in incompressible on the thickness of 
normal aggregates remains straight, does not change its length, but returns for a 
further angle of the coordinate axes values ( , )x y
x
 , ( , )x y
y
 .
We think the deformations are small. External surface loads are 
distributed on the plate ( , )q x y , ( , )p x y
x
, ( , )p x y
y
Reaction of bases q
r
is corresponding to the Vynkler’s model.
q kw
r
  (1)
where k  is the stiffness coefficient of foundation-deflection plate; minus sign 
indicates that the reaction is directed toward the opposite deflection. 
Coordinate system x, y, z is associated with the middle plane of filler. 
( , )w x y , ( , )u x y
x
, ( , )u x yy are marked with longitudinal bending and axial 
movement of the median surface of filler. The presence of the contour plate rigid 
diaphragm is supposed, which prevents relative shear layers.  Let us mark the 
thickness of the k layer as hk , with 23h c  (k = 1, 2, 3).
Using geometric hypotheses imposed, the longitudinal displacement can 
be expressed in layers as ( )ku and searched through five 
features , , , ,u u wx y x y  .
(1)u u c zwx x x x    ,
(1)u u c zwy y y y    , ( )1c z c h   ,
(3)u u z zwx x x x    ,
(3)u u z zwy y y y    , ( )c z c   ,
(2)u u c zwx x x x    ,
(1)u u c zwy y y y    , ( )2c h z c     (2)
where z is the distance from the considered fibers to the middle plane’s filler, 
u c  is the value of the external rotor layer’s displacement due to deformation 
of filler, the second carrier layer is a shift will be in accordance( )u c  .
Components of the strain tensor are expressed through five desired 
functions by Cauchy relations and expressions (2):
(1) ,u c zw
xx xx xx xx
     (1) u c zwyy y y y y yy     )( 1hczc 
(3) ,xx x x x x xxu z zw     (3)yy y y y y yyu z zw     )( czc 
(2) ,xx x x x x xxu c zw     (2)yy y y y y yyu c zw     )( 2 czhc 
1 1(1) ( ) ( ) ,
2 2
u c zw u c zw u u c zw
xy x y x y xy yx yx yx x y yx x y xy
             
1 1(2) ( ) ( ) ,
2 2
u c zw u c zw u u c zw
xy x y x y xy yx yx yx x y yx x y xy
             
1 1(3) ( ) ( ) ,
2 2
u z zw u z zw u u z zw
xy x y x y xy yx yx yx x y yx x y xy
             
(1) (2) 0,
xz xz
      
1(3) ,
2xz x
  
  
(1) (2) 0,
yz yz
      
1(3) ,
2yz y
  
  
( ) ( )k k
yx xy
  
(3)
The ball and deviator parts of strain tensor in this case will be as follows: 
( ; , , , ) :э i j x y zij ij ij    
 1( ) ( ) ( ) ,3k k kxx yy     2 1( ) ( ) ( ),3 3k k kэxx xx yy    2 1( ) ( ) ( ),3 3k k kэyy yy xx   
(3) (3),эxz xz 
(3) (3),эyz yz 
( ) ( ).k kэxy xy  (4)
We introduce the internal forces and moments with the following relation:
3( ) ( ) ,
1
k kN dzxx xx
k hk
  

3( ) ( ) ,
1
k kN dzyy yy
k hk
  

(3) ,
3
Q dzx xz
h
  (3) ,
3
Q dzy yz
h
 
3( ) ( )
1
k kQ dzxy xy
k hk
  

3( ) ( ) ,
1
k kM zdzxx xx
k hk
  

3( ) ( ) ,
1
k kM zdzyy yy
k hk
  

3( ) ( )
1
k kM zdzxy xy
k hk
  

(5)
where ( )k
xx , x ,
( )k
yy , y are the components of stress tensor in the layers of 
the plate, integrals are taken up with thickness of k -layer. 
The equation of equilibrium derived from the Lagrange variation 
principle:
0A W    . (6)
This variation of the external surface forces are:
  
s
A p u p u q q w dSx y r        (7)
The variation of internal stress takes into account the work of filler in the 
tangential direction:
3 ( ) ( ) ( ) ( ) ( ) ( ){[ ( 2 ) ]
1
( ) ( ) ( ) ( )2 ( ) }
3
k k k k k kW dz
xx xx yy yy xy xy
kS h
k
k k k k dz dxd
xx xx yy yy
h
          

    
(8)
The variations of displacements in layers are:
(1) ,u u c z w
x x x x
       (1) ,y y y yu u c z w       ( )1c z c h  
(3) ,u u z z w
x x x x
       (3) ,u u z z wy y y y       )( czc 
(2) ,u u c z w
x x x x
       (1) ,u u c z wy y y y       )( 2 czhc  (9)
The variation of strain arises from relations (3) considering (9). 
After substituting expressions for the integrals on the thickness of 
layers in the (8) and equation to zero coefficients of independent variations, we 
obtain the system of differential equations of rectangular sandwich plate’s 
balance on elastic foundation in the efforts:
xx xy xN Q p   yy xy yN Q p   0xx xy xH H Q  
0yy xy yH H Q   2 ( ).xx xy yy rM H M q q     (10)
For coupling stresses and strains in the layers we use the correlation in 
Hooke's law in deviator-spherical form:
( ) ( )2 ,k kS G э
ij k ij
 ( ) ( )3 ,k kK
k
   ),,,,;3,2,1( zyxjik 
(11)
where kk KG ,  are the modules of slide and volumetric deformation
)(k
ijS ,
)(k are 
the deviator and ball parts of the stress tensor, and )()( , kkijэ  are the deviator and 
ball parts of the strain tensor.  
Components of stress tensor in layers, taking into account expressions (5) 
and (11) will be:
4 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( );
3 3
k k k k k k k k kS G K G K K K
xx x xx xx yy yy k xx k yy
               
( ) ( ) ( );k k kK K
yy k xx k yy
        
( ) ( )2 ;k kG
xy k xy
     
(3) 2 ;
3
G
xz xz
     
(3) 2 ;
3
G
yz yz
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(12)
where
;
3
4
kkk GKK 
     
2
.
3k k k
K K G  
(13)
We accepted the boundary conditions corresponding to the free edges 
leaning plates fixed in space on hard bearings. Then, for the searched 
movements, when 0;1x   , the requirements [1] are as follows :
0u u w
x y x y
      
(14)
The solution of differential equations (13) is taken in the form of 
expansions in double trigonometric series [2, 3]:
sin sin
, 1
nx mx
w W
mn a bn m
   

cos sin
1
, 1
nx mx
u U
x mn a bn m
   

sin cos
2
, 1
nx mx
u U
y mn a bn m
   

(15)
cos sin ,
1
, 1
nx mx
x mn a bn m
    

sin cos
2
, 1
nx mx
y mn a bn m
    

where , , , ,
1 2 1 2
U U W
mn mn mn mn mn
  are unknown to the amplitude of movement.
Let 0,0  yx pp be the longitudinal load. The lateral load q  is represented 
as expansions in double trigonometric series:
sin sin ,
, 1
nx mx
q q
mn a bn m
   

4
( , )sin sin .
0 0
ab nx mx
q q x y dxdy
mn ab a b
   
(16)
After substitution of movement (15) and load (16) in equation (13) we get 
the system of linear algebraic equations to determine the desired amplitude of 
movement:
0,
6 1 7 2 8 1 9 2 1
b U b U b b b W
mn mn mn mn mn
      
0,
7 1 11 2 9 1 12 2 2
b U b U b b b W
mn mn mn mn mn
      
0,
8 1 9 2 13 1 14 2 3
b U b U b b b W
mn mn mn mn mn
      
0,
9 1 12 2 14 1 10 2 4
b U b U b b b W
mn mn mn mn mn
      
,
1 1 2 2 3 1 4 2 5
b U b U b b b W q
mn mn mn mn mn mn
       (17)
where the coefficients jb are expressed in terms ia of magnitude and depend on 
the parameter m and n.  The solution of system (17) can be obtained numerically 
using the inverse matrix. After defining the amplitudes 
, , , ,
1 2 1 2
U U W
mn mn mn mn mn
  the unknown function are calculated using 
formulae (15). 
The movement in bearing layers and filler is determined from the 
relations (2).
2. The solution of boundary problem 
In the case of small or large foundation stiffness solution for plate bending 
sandwich you can take in the form [2]:
1 1 1 1( ) cos( ) sin( )
1 2 3 2 4 2
1 1cos( ) sin( ) ( )
5 2 6 2
x x x x
w x C e C e C e x C e x
x x
C e x C e x w x
p

    
 
  
   
 
 
 
(18)
The relative and longitudinal displacement in the aggregates are expressed 
by the deflection of the equation (19):
( )
, 1 , 2 , 3
w w w w f x
xxxxxx xxxx xx
     
1 1 1( ) ( cos( ) sin( ))
1 1 1 2 3 2 2 3 2
1 1( sin( ) cos( )) ( cos( ) sin( ))
4 2 2 3 2 5 2 2 3 2
1 ( sin( ) cos( ))
6 2 2 3 2 1 , 2 3 4 7
x x x
x C e C e C e x x
x x
C e x x C e x x
x
C e x x b w b w dx b qdx b p C
p xxx p
  
           
 
            

           
(19)

1 1 1( ) ( cos( ) sin( ))
4 1 4 2 3 5 2 6 2
1 1( sin( ) cos( )) ( cos( ) sin( ))
4 5 2 6 2 5 5 2 6 2
1 ( sin( ) cos( ))
6 5 2 6 2 5 1 , 2 3 4
7 1 , 7
x x x
u x C e C e C e x x
x x
C e x x C e x x
x
C e x x b b w b w dx b qdx b p
p xxx p
C b w b pdxdx
p x
  
          
 
            
            
  
8 9
C x C 
(20)
When 1 9,...,C C are the constants of integration which arise from the 
conditions of fixing plates; pw  is the partial solution of equation (21), which is 
defined for each type of external load, such as ( ) , / .
0
q x q w q k
p o
 
3 2 0.
1 2 3
         (21)
The boundary problem with displacements ( ), ( ), ( )u x x w x closes by 
joining of boundary conditions. We have for the both ends of hinged fastening 
plates 0, :x l
( ) ( ) ( ) ( ) 0u x x w x M x     (22)
For restrained by two edges of plates we have:
( ) ( ) ( ) ( ) 0u x x w x H x     (23)
Conclusions
The analytic solution of stem-bending of sandwich plates on elastic 
foundation are given. The considering of the stiffness of elastic foundation 
results in a significant refinement of the stress state which arises in composite 
sandwich plates under the external forces.
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